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Abstract.
In this paper we consider the coupled Kadomtsev-Petviashvili system. From compatibility

conditions we obtain the form of matrix operators. After using a gauge transformation, obtained
a new type of Lax representation for the hierarchy of Heisenberg ferromagnet equation, which
is equivalent to the gauge coupled Kadomtsev-Petviashvili system.

1. Introduction
Korteweg-de Vries equation (KdV) is one of the most important equation in the theory of
integrable systems , which have multi-soliton solution, an infinite number of conservation laws
and many scientific applications [1].

In this paper we consider the expansion of the KdV equation - coupled Kadomtsev-
Petviashvili equation (KP) with three potentials:

qt =
1

4
(qxxx − 6qqx + 3

∫
qyydx+ 6(pr)x), (1)

pt =
1

2
(−pxxx − 6qpx + 3qpx + 3p

∫
qydx− 3pxy), (2)

rt =
1

2
(−rxxx + 3qrx − 3r

∫
qydx+ 3rxy), (3)

where indexes represent partial derivatives. This system is also integrable and can assume
multi-soliton solutions [2].

By using certain transformations [3], the system (1)-(3) can be reduced to a coupled system
of the KdV equation [4], and the standard KP equation [5].

The main goal of this paper is to construct the equivalent spin system to the coupled KP
system through gauge transformation.

2. Searching unknown elements of matrix operators for the Lax representation
In [6] presented decomposed form of this system by the first two terms into (1+1) dimensional
hierarchy of Ablowitz-Kaup-Newell-Sigur:

uy = −uxx + 2u2v, (4)
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vy = vxx − 2uv2, (5)

ut = uxxx − 6uvux, (6)

vt = vxxx − 6uvvx (7)

and offers the following assumption: if (u, v) is the solution of system (4)-(7), then the functions
(p, q, r), defined as q = 4uv, p = −2u2, r = −2v2 is a solution of (1)-(3) [7].

The Lax representation of the system (4)-(7) is defined as

Ψx = UΨ, (8)

Ψy = VΨ, (9)

Ψt = WΨ, (10)

where U, V,W - matrix operators. Let U looks like:

U = −λ

2
σ3 +Q, (11)

where σ3 =

(
1 0
0 −1

)
and Q =

(
0 u
v 0

)
. Matrix operator V given in the form

V = λ2V2 + λV1 + V0, (12)

where Vn =

(
kn mn

ln −kn

)
, n = 0, 1, 2. And operator W given by:

W = λ3W3 + λ2W2 + λW1 +W0, (13)

where Wm =

(
am bm
cm −am

)
, m = 0, 1, 2, 3. Let’s find the unknown elements of given matrices

V and W . For this purpose, we will use the compatibility conditions of the system (4)-(7) and
after this we obtain that

Uy − Vx + [U, V ] = 0, (14)

Ut −Wx + [U,W ] = 0, (15)

Vt −Wy + [V,W ] = 0. (16)

From (14) after substitution matrix (11) and (12) we have

Qy − (λ2V2 + λV1 + V0)x −
1

2
[σ3, V ] + [Q,V ] = 0, (17)

from which we obtain next system of equations in powers of λ:

λ3 : −1

2
[σ3, V ] = 0, (18)

λ2 : −V2x −
1

2
[σ3, V1] + [Q,V2] = 0, (19)

λ1 : −V1x −
1

2
[σ3, V0] + [Q,V1] = 0, (20)

λ0 : Qy − V0x + [Q,V0] = 0. (21)
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Consistently solving the equations (18) - (21) we determine the unknown elements and form of
the matrix operator V as following

V =

(
−λ2

2 + uv λu− ux
λv + vx

λ2

2 − uv

)
. (22)

From (15) in terms of matrices U, V,W we have

Qt − (λ3W3 + λ2W2 + λW1 +W0)x −
λ

2
[σ3,W ] + [Q,W ] = 0. (23)

Expanding in powers of λ, we obtain the following equation:

λ4 : −1

2
[σ3,W3] = 0, (24)

λ3 : −W3x −
1

2
[σ3,W2] + [Q,W3] = 0, (25)

λ2 : −W2x −
1

2
[σ3,W1] + [Q,W2] = 0, (26)

λ1 : −W1x −
1

2
[σ3,W0] + [Q,W1] = 0, (27)

λ0 : Qt −W0x + [Q,W0] = 0. (28)

From the system of equations (24)-(28) we obtain the unknown elements and form of the matrix
W as

W =

(
−λ3

2 + uvλ− vux + uvx uλ2 − uxλ− 2u2v + uxx
vλ2 + vxλ− 2uv2 + vxx

λ3

2 − uvλ+ vux − uvx

)
. (29)

Thus, we found all unknown elements of the matrix operators V,W .

3. The new Lax representation form and coupled KP equivalent spin system
Now we are ready to obtain the Lax representation of a desired spin system by using a gauge
transformation in form

Φ = g−1Ψ. (30)

By definition, gauge equivalence is g = Ψ|λ=0 and spin matrix is S = g−1σ3g.
After using a gauge transformation, we get a new Lax representation for the hierarchy of

Heisenberg ferromagnet equation, which is the gauge equivalence of the coupled KP system
(1)-(3).

New Lax represenatation looks like:

Φx = −λ

2
SΦ, (31)

Φy = −λ2

2
SΦ+

λ

2
SSxΦ, (32)

Φt = −λ3

2
SΦ+

λ2

2
SSxΦ− 3λ

8
tr(S2

x)SΦ− λ

2
SxxΦ. (33)

Using the conditions of compatibility of the Lax representation we obtain a new spin system.
From first condition Φxy = Φyx after expanding by powers of λ we get the following equations:

Sx +
1

2
[SSx, S] = 0, (34)

Sy +
1

2
[S, Sxx] = 0. (35)
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From condition Φxt − Φtx = 0, expanding by powers of λ we have:

Sx +
1

2
[SSx, S] = 0, (36)

St − Sxxx −
3

4
tr(S2

x)Sx −
3

4
[tr(S2

x)]xS = 0. (37)

From the third conditions Φyt − Φty = 0, expanding by powers of λ leads to the equations:

Sy +
1

2
[S, Sxx] = 0, (38)

St + (SSx)y −
3

4
tr(S2

x)Sx −
1

2
[Sxx, SSx] = 0, (39)

(SSx)t + Sxxy +
3

4
[tr(S2

x)]yS +
3

4
tr(S2

x)Sy = 0. (40)

Let us transform last two equations. After we consider (40)

St + (SSx)y −
3

4
tr(S2

x)Sx −
1

2
[Sxx, SSx] = 0. (41)

In order to facilitate computations we divide this equation into the following two parts:

1)St −
3

4
tr(S2

x)Sx = A, (42)

2)(SSx)y −
1

2
[Sxx, SSx] = B. (43)

We consider the first term (SSx)y. Transform it considering the (35) and its derivative with
respect to x (Sxy = Syx):

(SSx)y = SySx + SSxy =
1

2
[Sxx, SSx]−

1

2
Sxxx +

1

2
SSxxxS. (44)

Substituting this in (43) we find that

−1

2
Sxxx +

1

2
SSxxxS = B. (45)

The second term SSxxxS we will express through the third derivative of the expression
S · S = I, multiplying it to S:

SSxxxS = [SxxS, Sx]− Sxxx − 2(S2
x)xS. (46)

Substituting (46) into (45), we obtain

1

2
[SxxS, Sx]− Sxxx − (S2

x)xS = B. (47)

Now we transform the first term of (47) 1
2 [SxxS, Sx]:

1

2
[SxxS, Sx] =

1

2
(SxxSSx − SxSxxS) =
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=
1

2

[
(4uvg−1σ3g + 2g−1

(
0 ux

−vx 0

)
g)g−1σ3g · 2g−1

(
0 u
−v 0

)
g −

−2g−1

(
0 u
−v 0

)
g · (4uvg−1σ3g + 2g−1

(
0 ux

−vx 0

)
g)g−1σ3g

]
. (48)

As a result, we find that
1

2
[SxxS, Sx] = −1

4
[tr(S2

x)]xS. (49)

Substituting this expression in (47)

−Sxxx −
1

4
[tr(S2

x)]xS − (S2
x)xS = B. (50)

Considering the third term as the (S2
x)xS = −(4uv)xS = 1

2 [tr(S
2
x)]xS, we get in result B:

−Sxxx −
1

4
[tr(S2

x)]xS − 1

2
[tr(S2

x)]xS = −Sxxx −
3

4
[tr(S2

x)]xS = B. (51)

Add the A and B, according to (41) we obtain

St − Sxxx −
3

4
tr(S2

x)Sx −
3

4
[tr(S2

x)]xS = 0, (52)

which corresponds to the equation (37).
Now let’s consider the equation (40)

(SSx)t + Sxxy +
3

4
[tr(S2

x)]yS +
3

4
tr(S2

x)Sy = 0. (53)

We will transform each term. Let’s start with the first, taking into account the expressions for
Sx and its derivative with respect to t

(SSx)t =
1

2
StSx +

1

2
SSxt −

1

2
SxtS − 1

2
SxSt, (54)

1

2
StSx =

1

2
SxxxSx +

3

8
[tr(S2

x)]xSSx +
3

8
tr(S2

x)S
2
x,

1

2
SxSt =

1

2
SxSxxx +

3

8
[tr(S2

x)]xSxS +
3

8
tr(S2

x)S
2
x. (55)

Due to the validity of the expression Sxt = Stx:

1

2
SSxt =

1

2
SSxxxx +

3

4
[tr(S2

x)]xSSx +
3

8
[tr(S2

x)]xx +
3

8
tr(S2

x)SSxx, (56)

1

2
SxtS =

1

2
SxxxxS +

3

4
[tr(S2

x)]xSxS +
3

8
[tr(S2

x)]xx +
3

8
tr(S2

x)SxxS. (57)

Combining the above, we find that the first term (SSx)t

(SSx)t =
1

2
[Sxxx, Sx] +

1

2
[Sx, Sxxx]

9

4
[tr(S2

x)]xSSx +
3

8
tr(S2

x)[S, Sxxx]. (58)
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Let’s find the second Sxxy = Syxx:

Syxx =
1

2
[Sxxxx, S] + [Sxxx, Sx]. (59)

By substituting the first two terms in the original equation (53), we obtain

3

2
[Sxxx, Sx] +

9

4
[tr(S2

x)]xSSx +
3

4
[tr(S2

x)]yS = 0. (60)

We extend further transformation until we get in result the equation (37), or 0.
After the transformation of the first term, we have

3

2
[Sxxx, Sx] = −9

4
[tr(S2

x)]xSSx + 6g−1

(
−vuxx + uvxx 0

0 −vxxu+ vuxx

)
g. (61)

Substituting the latest into (60) and obtain

3

4
[tr(S2

x)]yS + 6g−1

(
−vuxx + uvxx 0

0 −vxxu+ vuxx

)
g. (62)

Transforming the first term, we find that

3

4
[tr(S2

x)]yS =
3

2
(SxSx)yS, (63)

(SxSx)y = SxySx + SxSxy = −4g−1

(
−vuxx + uvxx 0

0 −vxxu+ vuxx

)
g, (64)

substituting the last expression into (63), and finally we find the following:

3

4
[tr(S2

x)]yS = −3

2
4g−1

(
−vuxx + uvxx 0

0 −vxxu+ vuxx

)
g = −6g−1

(
−vuxx + uvxx 0

0 −vxxu+ vuxx

)
g.

And finally substituting the last expression into (62), we obtain

−6g−1

(
−vuxx + uvxx 0

0 −vxxu+ vuxx

)
g + 6g−1

(
−vuxx + uvxx 0

0 −vxxu+ vuxx

)
g = 0. (65)

Thus, in this paper was obtained integrable hierarchy of Heisenberg ferromagnet equation

St − Sxxx −
3

4
tr(S2

x)Sx −
3

4
[tr(S2

x)]xS = 0, (66)

which is the equivalent to a coupled KP system (1)-(3). Much more detailed study of the spin
system (66) is the subject of our further research.
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