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OUTPUT TRACKING FOR A CLASS OF UNCERTAIN HIGH-ORDER
NONLINEAR TIME-DELAY SYSTEMS

Keylan Alimhan
L.N. Gumilyov Eurasian National University, Kazakhstan

Abstract. In this paper, we study the problem of global practical output tracking via state
feedback for a class of uncertain nonlinear time-delay systems. First, unnder mild conditions on the
system nonlinearities involving time delay, we construct a homogeneous state feedback controller
with an adjustable scaling gain. Then, by a homogeneous Lyapunov-Krasovskii functional, the scal-
ing gain is adjustedto dominate the time-delay nonlinearities bounded by homogeneous growth
conditions and render the tracking error can be made arbitrarily small while all the states of the
closed-loop system remain to be bounded

Introduction
Consider the following uncertain nonlinear time-delay system

X (1) =%, ()P + o (t, x(t), x(t —d),u(t)), i=1...,n-1
Xp (1) =u + ¢, (t, (1), X(t —d), u(t)), 1)
y(t) =% (1),

where x(t) = (x(t),....,x,(t))" eR",ueR, and y(t) eR are the system state, control input and output,
respectively. The constant d >0 is a given time-delay of the system, fori=1,...,n,and the system
initial condition isx(0) =¢,(0), @<[-d,0].The terms ¢() represent nonlinear perturbations that
areunknown continuous functions and p, eR:, ={p/qe[0,x):p and q are odd integers, p>q}
(i=1...,n-1) are said to be the high orders of the system.

Global practical output tracking problem of nonlinear systems is one of the most important and
challenging problems in the field of nonlinear control and has received a great deal of attention. By
posed some conditions on system growth and power order, the practical output tracking problem of
system (1) has been well-studied and a number of interesting results have been achieved over the
past years, see [1-8], as well as the references therein.

However, the aforementioned results have not considered the time-delay effect. It is well known
that time-delay phenomena exist in many practical systems such as electrical networks, microwave
oscillator, and hydraulic systems, etc., due to the presence of time delay in systems, it often signifi-
cant effect on system performance. Therefore, the study the problem of output tracking and stabili-
zation of time-delay nonlinear systems has important practical significance and has received much
attention in recent years. In recent years, by employing the Lyapunov-Krasovskii method to deal
with the time-delay, control theory, and techniques for stabilization problem of time-delay nonlinear
systems were greatly developed and advanced methods have been made; see, for instance, [9 -13]
and reference therein.Compared with study the stabilization problem contain time-delay, the theory
of output tracking control developed slower. In the case when the nonlinearities contain time-delay,
for the output tracking problems, some interesting results have been obtained [14-16]. However, in
[14 -16] only considered special casefor the system (1), i.e., p, =1case. When the system under
consideration is inherently time-delay non-linear, the problem becomes more complicated and diffi-
cult to solve. To the best of our knowlege, many interesting output tracking control problems for
time delay inherently nonlinear systems unsolved yet. In this paper, we deal with such as the track-
ing problems via state feedback domination method in [17,18].

Mathematical Preliminaries
We collect the definition of homogeneous function and several useful lemmas.
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Definition1[19].For a set of coordinates x=(....,X,)eR" and ann-tuple r =(,...,r,) of positive
real numbers we introduce the following definitions.
(i)  Adilation A (x)is @ mapping defined by Ag(x) :(srlxl,---,sr"xn), VX =(X,.... %) €R",
vs >0, where r, are called the weights of the coordinate. For simplicity of notation, the dilation
weight is denoted by A=(x,,...,r;) .
(i) Afunction V eC(R",R)is said to be homogeneous of degree  if there is a real number r e R
such that V(A¢(x)) =sV (¥, -, X,), VxeR"—{0} .
(iii) Avector field f eC(R",R") is said to be homogeneous of degree r if the component f, is ho-
mogeneous of degree r +r. for each i, that is, f, (AL(X)) =" f, (x,--+,X,), ¥xeR", ws>0, for
i=1...,n.

. . . p/i \¥P
(iv) A homogeneous p-norm is defined as |||, =(zi”=1|xi| j , VxeR", px1.
For the simplicity, write |x, for|x], .
Next, we introduce several technical lemmas which will play an important role and be frequently

used in the later control design.

Lemmal[19].Denote A=(x,...,r,)as dilation weight, and suppose V;(x)and V,(x) are homogeneous
functions with degree z; and r,, respectively. Then, V;(x)V,(x) is also homogeneous function with
degree of 7, +7, with respect to the same dilation A.

Lemma2[19]. Suppose V :R" — R is a homogeneous function of degree r with respect to the dila-
tion weight A . Then, the following (i) and (ii) hold:
(iii) oV/ox; is also homogeneous of degree z —r, with r, being the homogeneous weight of x; .
(iv) There is a constant o >0 such that V(x)<o|x|,. Moreover, if V(x)is positive definite,

there is a constant p >0 such that pl|x|} <V(x).

Lemma3[17]. For all x,yeR and a constant p >1 the following inequalities hold:
@) ey <2y (W +yl)” <Pyl <2700 () +]y)”
If peR,, then
(i) [x—yP<2°*[x*-y®| and |x*? —y¥?|< 2P Ix—y['".

Lemma4[18]. Let c,d be positive constants. Then, for any real-valued function y(x, y) >0, the fol-
lowing inequality holds:

c+d c+d

c d
X1y < 7™+ )y

This paper deals with the practical output tracking problem by state feedback for time-delay high-
order nonlinear systems (1). Here, we give a precise definition of the problem.

The problemof global practical tracking by a state feedback: Consider system (1) and assume that
the reference signal y, (t) is a time-varying C*-bounded function on [0,). For any given ¢ > 0, designa
state feedback controllerhaving the following structure

u(t) = g(x(t), y, ), (2)
such that

iii) All the state of the closed-loop system (1) with state controller (2) is well-defined and glob-
ally bounded on[o, ) .
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iv) For any initial condition, there is a finite time T > 0, such that
ly®) -y, () <&, Vt=T>0. (3)

In order to solve the global practical output tracking problem, we made the following two assump-
tions:

Assumptionl. There are constants C,, C,and z >0 such that
0,6 X, Xt =) u®)] < € (P @+ @ e x 0

(4)
(5+7)/n, +|X2(t—d)

+]x (t—d) WO 4 t|x (t-d)

wherer, =1, r,p =r+z>0, i=1..,nandp,=1.

(5 +2)/%
)+C2

Assumption2. The reference signal vy, (t) is continuously differentiable. Moreover, there is a known
constant D >0, such that
lyr @] +]y, (1) <D, Vte[0,)

Ouput Tracking Control Design

In this paper, we deals with the practical output tracking problem by delay-independent state feed-
back for high-order time-delay nonlinear systems (1) under Assumptions 1-2. To this end, we first
introduce the following coordinate transformation:

' X __u
Zl.le—yr' Zi '_L_,li’ I=2,..., n, v= LKn+l (5)

where x; =0, &, = (k4 +1)/pi;, i=2....,n and L>1is a scaling gainto be determined later. Then, the
system (1) can be described in the new coordinates z; as

4 =Lzh vyt z(), z(t—d),v), i=1...,n-1
2,=Lv+y, (t,2(t), z(t - d), v), (6)
y=7

where

ya(t,z(t), z(t—d), v) = (t, 2(t), z(t —d), V) - ¥y,

v (t,z(t), z(t—d), v) = ¢ (t, z(t), z(t - d), v)/L’(i , 1=2,...,n
Now, using Assumption 1, Lemma 3, the fact thatL >1 and the boundedness of y, and y, guaran-
teed by Assumption 2, ensures the existence ofconstants C,, i=12 only depending on constants
C,..C,, 7,x and L, under which (4) becomes

Iyt 2(t), 2(t—d), v)| < 61(|z1(t)|“1”)/ "ty (t—d) @ )+6
_ (5+7) G+ Cp .
witt 2(0), 2(t-d), V)| < CL™ Y (| 2,07 ]z (e /)+L_2 i=2,...n
whereC, >0, C, >0andv, =min{l—-x(r +7)/r; +x, 2< j<i, 1<i<n!>0 are some constants.
i J\d J [

In what follows, we will employ the homogeneous domination approach to construct a global state
feedback controller for system (6).

First, we construct a homogeneous state feedbackcontroller for the nominal nonlinear system
without considering the non-linearityofy, (), i=1...,n-1in (6), i.e.,

=Lz, i=1..,n-1 z=Lv, y=7 (8)

Using similar the approach in [11, 17-18], we can design a homogeneous state feedback stabilizer
for (8), which can be described in the following Theoreml.

Theoreml. For a real given number >0, there is a homogeneous state feedback controller of de-
gree ¢ such that the nonlinear systems (8) is globally asymptotically stable.
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Proof. To prove the result, we use an inductive argument (recursive design method) to explicitly
construct a homogeneous stabilizer for system (8).

Initial stepl.Let & — z7/% —z;/% , where z =0 and o > max,.;, {1, 7 +r} iS @ positive number.

Choose the Lyapunov function

v, =W, = j (s -2/ )(zmrfrl)/gds .
From (8), it follows that
Vp <-nLE2 + LEPoe (8 -7") (9)
where z; the virtual controller and it is chosen as
25 =YWV P _prloshlo g olem), (10)

Step k (k=2,---,n). Suppose at the step k-1, there is a C*, positive definite and proper Lyapunov
function V,_;, and a set of virtual controllers z;, ..., z; defined by

* o/n *o/h
3 =0, &=2" -7

1)
Z =—puT e G=27" -7, =2k
with 4 >0, 1<i<k-1being constants, such that
k-1
Vs S=(n—K+2)LY &2+ gy 7 )l7 (gt g (12)

1=1
We claim that (12) also holds at Step k, i.e., there is a C*, proper, positive definite Lyapunov func-
tion defined by

7 ; " (20-1-1)/o
Vi (@) =Vica (B 1) +We (B0, Wi (@) = [ (s7% -2 g (13)
and virtual controller z;,, =—A%/? £/ sych that
Vi <-(n-k+LY & 4 LEZ Vo (2P - 7). (14)

j=1
Since the prove of the claim (14) is very similar [4-5, 14],s0 omitted here.

Using the inductive argument above, we can conclude that at the n-th step, there exists a state feed-
back controller of the form

V=—phalogha/o - [Zﬂ 207" J e (15)
with the C', proper and positive definite Lyapunov function,
V, = ifzzl' (s“/ri —zl )(zairiﬁ)/ads (16)
we arrive at -
V, < —Ligj?, (17)
=l

where & =z7% —z*"and B =g, B, i=1..., nare positive constants. Thus, the closed-loop system
(8) and (15) is gIobaIIy asymptotically stable.

Now, we are ready to use the homogeneous domination approach to design a global tracking con-
troller for the system (1), i.e., statethe following main result in this paper.

Theorem 2.For the time-delay nonlinear system (1) under Assumptions 1-2, the global practical
output tracking problem is solvable by the state feedback controller u=L"*vin (6) and (15).

Proof. We define the compact notations
2=(z,....2,) , E(2)= (22"1 ..... ALES v)T and F(2) =((p1, 0, /L% .. g /L )T . (18)



Using the same notation (6) and (18), the closed-loop system (6) - (15) can be written as the follow-
ing compact form:

2=LE(2)+F(z) (19)
Moreover, it can be shown that V, is homogeneous of degree 20—t. Hence, adopting the same Lya-

punov function (16) and by Lemm2 and Lemma 3, it can be concluded that
L M

V. (2) = E(z)+ Vi F(z) < mlL||z||20 +z ) 62 (20)
wherem, >0is constant.
By (7), Assumption 1 and L> 1, we can find constants &, >0and 0<y <1such that
o @olEn)
| <M @ S 2+ my 23 -y )]+ — (21)
where @=m,C,, m,>0, 227N <1 T¥h 9 and 222UTA) g ysqhp
20 20 TH+E

Substituting (21) into (20) yields
. o n. . n. ot Fir n _20/(z+r)
Vn(z)S—L[mlIIZIIZ (@ my @+ )Y L 2 —my > L 22 2t o) ] Yrm— @
i=1 i=1

i=1
By Lemma4, there exists a constant m; >0 such that
my 2y - ) <2+ mg 2t~ D] (23)
which yields

25/(T+r)

V. (2) < —L(ml"z"ia —+my+8)Y L 27 —mSZL 72t - d)||2“J+ 2 T , (24)
i=1

i=1

Construct a Lyapunov-Krasovskii functional as follows:
V(@) =V, GO+ 2 ds, (25)

where, is a positive constant. Let ;= msz."_ L' follows from (23) and (24) that

v's—L( —(2+my(+8)+my) 3 L7')|z(t)||

Hence, by choosing a large enough Las L > max {1, (2+m, (1+35) +mg)/m,))” } , where y =min,i., {3}

(26)

1+ e

n
and p :Zaza/(”“) .
i=1
Then, there exists a constant p, >0, such that (26) becomes

V @0) < -2, |20 + 21 (27)
from (27) and homogeneous properties of v, (z)and j |z(s)|| ds, itis clear that z =y-vy, can be
rendered smaller than any positive tolerance with a sufficiently large L.

Conclusion

In this paper, we have studied the practical output tracking problem for a class of uncertain non-
linear time-delay systems under a homogeneous condition. We design a homogeneous state feed-
back controllers have been constructed with adjustable scaling gains. Then, via a homogeneous
Lyapunov-Krasovskii functional, we’ve redesigned the homogeneous domination approach to tune
the scaling gain for the overall the closed loop systems. It is shown that an appropriate choice of
gain will enable us to globally track for a class of uncertain non-linear systems in finite time.
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Ob OJHOM METO/IE B IOTOKOBOM IIU®POBAHHUUN

Apcaanb6aes M.M., bakbiTkan A.b.
Ynueepcumem «Typan-Acmanay, Acmana
E-mail: marat.arslanbaev@yandex.ru

B pabote u3yuaercss 0MH U3 METO/IOB I'eHEPALUU KIFOYEBOHM MOCIEI0BATEIbHOCTH IS T10-
ToKoBoro mudposanus. [Ipennaraercs nepBoHayanbHOE NMPUMEHEHHE BBIOPAaHHOW KIIIOUEBOH IO-
CJIEZIOBAaTENIbHOCTH HEKOTOPOH JUIMHBI, 3aT€M, JaHHAas TMOCJIE0BaTEIbHOCTh peo0pasyeTcs 1o He-
KOTOPOMY aJITOPUTMY, B Ka4eCTBE MPUMEPA, MOKHO B35Th IPEOOPa30BaHHYIO MOCIEA0BATENbHOCTh
®ubonayuu. B pabore Takke n3ydaeTcs NpUMEHEHHE aBTOMOp(GU3Ma MaTPULl M IUKJINYecKas Mo-
CJIEIOBATENILHOCTD ISl BBIOOpA KIIFOUEBOM MOCIE10BATEIbHOCTH.

[Tpu mmdpoBaHUN TPUMEHEHHEM MOTOKOBBIX MH(POB, OTIMYUTEIBHBIMH CBOMCTBAMU SIB-
JS0TCs UG POBAHNE OTKPBITOTO TEKCTa MOCIEA0BaTENbHO Mo 1 OaifTy, Takke caMu MupsI npe -
CTaBJISIFOT Pa3HOBUAHOCTh TAMMHUPOBAHUS, T.€. CUMBOJIBI OTKPBITOTO KJIF0YAa CYMMHUPYIOTCS C COOT-
BETCTBYIOIIMMHU CUMBOJIAaMH KJIFOUEBOM mocienoBaresibHOCTH. OTCr0/1a CI0KHOCTD MH(POBAHHOTO
TEKCTa 3aBHCUT OT BHIOPAHHOH KIJIFOUEBOM TMOCIIEI0BATEIILHOCTH.

[IpuBeneM cam aaropuT™M pabOThI MOTOKOBOTO MIUGPOBAHUS:

1. I'enepaTop K/IIOYEBOM IOCIEAOBATENBHOCTH OIPENEISET HEKOTOPYIO IIOCIEN0BATEIbHOCTh
ki, ky, ..., ky, ..., KOKIBIHA 9IEH KOTOPOTO UMeeT 1 OUT;
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