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The article presents a theorem on the boundedness of the maximal operator in the weighted local 

Morrey-Lorentz spaces. 

Let 𝐸 be a measurable subset of ℝ𝑛 and 𝐿𝑝(𝐸) be a set of all measurable functions 𝑓 defined on 𝐸 

for which the quasi-norm is finite [1]: 
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We define decreasing rearrangement of 𝑓 by 
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Where 𝜇𝑓(𝜆) denotes the distribution function of 𝑓 given by 
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We denote by 𝐿𝑝,𝜆(ℝ
𝑛) the Morrey space for 0 ≤ 𝜆 ≤ 𝑛, 1 ≤ 𝑝 < ∞, 𝑓 ∈ 𝐿𝑝

𝑙𝑜𝑐(ℝ𝑛) for which the 

quasi-norm is finite: 
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Where 𝐵(𝑥, 𝑟)is a ball with the center at the point 𝑥 and the radius 𝑟. 

The Lorentz space 𝐿𝜓,𝑞(ℝ
𝑛), 1 < 𝑞 ≤ ∞,𝜓 ∈ ℳ+(0,∞), is the collection of all measurable 

functions 𝑓 on ℝ𝑛such the quantity 
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The function 𝑓∗∗: (0,∞) → [0,∞] is defined as 
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We denote by 𝔐(ℝ𝑛) the set of all extended real-valued measurable functions on ℝ𝑛 and by 

𝔐+(0,∞) the set of all non-negative measurable functions on (0,∞). 
Definition 1: 

Let 1 < 𝑝 ≤ ∞ and 𝜓 ∈ 𝔐+(0,∞). We denote by Λ𝑝,𝜓(ℝ
𝑛) weighted Lorentz spaces, the spaces 

of all measurable functions with a finite quasi-norm: 
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We denote by 𝔐+((0,∞), ↓) the set of all decreasing functions 𝑓 ∈ 𝔐+(0,∞). 
Definition 2: 

Let 1 ≤ 𝑝, 𝑞 ≤ ∞ and 0 < 𝜆 < 1, 𝜓 ∈ ℳ+(0,∞). We denote by 𝑀𝑝,𝑞,𝜆,𝜓
𝑙𝑜𝑐 (ℝ𝑛) the weighted local 

Morrey-Lorentz spaces, the spaces of all measurable functions with a finite quasi-norm: 
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The Hardy-Littlewood maximal operator 𝑀𝑓 of 𝑓 is defined by 
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Where 𝐵(𝑥, 𝑟)is a ball with the center at the point 𝑥 and the radius 𝑟. 

The fractional maximal operator 𝑀𝛽𝑓(𝑥) is defined by 
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Lemma 1. loc
qpM  ,,,

.  is a quasi-norm on )(,,
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qp RM  . 

Lemma 2. Let 0 < 𝑝, 𝑞 < ∞  and  0 ≤ 𝜆 ≤ 1. Then  𝑀𝑝,𝑞,𝜆,𝜓
𝑙𝑜𝑐 (𝑅𝑛) ↪ 𝐿𝑝,𝑞,𝑛𝜆𝜓(𝑅

𝑛). 

Definition 3: 

The Lorentz-Morrey spaces 𝐿𝑝,𝑞,𝜆(ℝ
𝑛) is the set of all measurable functions 𝑓 on ℝ𝑛 :                for 

1 ≤ 𝑝 < ∞, 0 < 𝑞 < ∞  and  0 ≤ 𝜆 ≤ 𝑛, iff 
 

‖𝑓‖𝐿𝑝,𝑞,𝜆 = 𝑠𝑢𝑝𝑥∈ℝ𝑛,𝑡>0𝑡
−
𝜆
𝑞‖𝜒𝐵(𝑥,𝑡)𝑓‖𝐿𝑝,𝑞

< ∞. 

 

Accordingly, 𝑓 belongs to 

𝐿𝑝,∞,𝜆(ℝ
𝑛) ≡ 𝑊𝐿𝑝,𝜆(ℝ

𝑛)  iff  ‖𝑓‖𝐿𝑝,∞,𝜆 = ‖𝑓‖𝑊𝐿𝑝,𝜆 < ∞. 

 

Note that the spaces  ℒ𝑝,𝑞,𝜆(ℝ
𝑛) and  𝐿𝑝,𝑞,𝜆,𝑞

𝑝
(ℝ𝑛) coincide, thus 

ℒ𝑝,𝑞,𝜆(ℝ
𝑛) = 𝐿

𝑝,𝑞,𝜆,
𝑞
𝑝
(ℝ𝑛) 

Theorem 1. Let 1 ≤ 𝑞 ≤ ∞, 0 < 𝜆 ≤ 1, 𝜓 ∈ 𝔐+((0,∞), ↓), then the maximal operator 𝑀 is 

bounded on the local Morrey-Lorentz spaces 𝑀𝜓,𝑞,λ
𝑙𝑜𝑐 (ℝ𝑛). 

In case 𝜓(𝑡) = 𝑡
1

𝑝
−
1

𝑞, 1 ≤ 𝑝, 𝑞 ≤ ∞ the abovementioned theorem is proven in [2]. 

Theorem 2. Let 1 < 𝑝 < 𝑞 < ∞, 𝛽 =
1

𝑝
−

1

𝑞
,   0 < 𝜆 ≤ 1. Then the fractional maximal operator 

𝑀𝛽𝑓(𝑥) is bounded on the local Morrey-Lorentz spaces 𝑀𝑝,𝑞,𝜆
𝑙𝑜𝑐 . 
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