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Онда ACA 4≤≤ , яғни AC ≈  

Теорема дәлелденді. 
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 Our paper is devoted to fractional q -difference equation based on Caputo fractional 
derivative. We investigated question concerning the solvability of this equation in a certain space 
of functions.  

In this paper, we assume that 10 << q  and ∞<<≤ ba0 , also some of needed q -
notations are given as follows. The q -shifted factorial is defined by 

∏
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For more details we refer the reader to the book [1]. The q -gamma function was introduced by 

Jackson [2] )1(0   )1(
);(
);()( 1 <<−= −

∞

∞ |q|q
qq
qqzГ z

zq  for any 0>z ; the q -beta function is 
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 The q -difference operator, which was introduced by Jackson, is defined by [4]: 
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The fractional q -integral is  
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and the fractional q -derivative is 
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For 0>α , the Caputo fractional q -derivative of order α  is defined by  
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q  be the space   of all continuous functions with continuous q -derivatives up 
to order 1−n  on the interval ],[ ba  and has the norm of function 
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In our work, we obtain that for  10 << γ  and ],0[ aCg γ∈  holds: 
 

(i) ],0[ aCgI q γ
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 (ii) If αγ ≤ , then ],0[ aCgI q ∈α . 
 
Also we showed that for ][ ,0 αα => n , if there exists 1+−≤ nαγ  such that ],0[ aCf γ∈  then 

],0[ aCfI n
qq ∈α . And we used result of combining the Riemann-Liouville fractional q -derivative 

and Caputo fractional q -derivative of not necessarily equal orders and identity relation between 
them, which proved in [5]: 
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2. Let ][  and   0 αα => n . If  ],0[ aCf γ∈  and ],0[ aCfDn

q ∈ , then: 
 

)0(   
)1(
)0(

)()(
1

0
≠











+
= ∑

=

+

xx
kГ
fD

-xfDxfD
n-

k

k

q

k
q

qq
C αα

 
 

We consider the Cauchy type problem 
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 In the following, we prove  the existence and uniqueness of the solutions of  the Cauchy 
type problem (1)-(2) in the space ],0[ aC n

q . 
 

Theorem. Let ][ ,0 αα => n . Let CG ⊂  and let RGaf →×],0(:  be a function such 
that ],0[),( aCyxf γ∈  for any 1   , +−≤∈ nGy αγ . If ],0[ aCy n

q∈ , then )(xy  satisfies (1)-(2) 
for all ],0( ax ∈  if and only if )(xy  satisfies the q -integral equation 
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In this article we present the method for finding solutions to boundary value problems for 
the homogenous q-fractional differential equation based on the reduction to Volterra integral 
equations.  

In this work we will use the following definitions of the Riemann-Liouville q-fractional 
integrals and q-fractional derivatives on a finite interval. For more information see e.g. the books 
[1], [2] and [3]. 
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More generally, if R∈α , then 
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Note if 0=m , then αα nnq = . We also use the notation αα 00 =q   for 0>α . The q-gamma 
function is defined by  

( )
( )
( ) 1

1

1

1
−

−

−

−
=Γ α

α

α
q

q q
q ,        { }( ),...2,1,0\ −−∈ Rα       

Obviously, ( ) [ ] ( )ααα qqq Γ=+Γ 1 . 
The q-derivative of a function f is defined by 
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