
Теорема 4. Егер (1)-(3) импульс әсері бар шеттік есебінің K тұрақтысымен бірге бірмәнді 
шешімі болса, онда кез келген 𝜀𝜀 > 0,𝜈𝜈 ∈ 𝑁𝑁, 𝑙𝑙1 = 𝑙𝑙1(𝜀𝜀, 𝜈𝜈) сандары үшін 𝑄𝑄𝜈𝜈(𝑙𝑙) матрицасы 
кері, және кез келген 𝑙𝑙 ≥ 𝑙𝑙1(𝜀𝜀, 𝜈𝜈) үшін келесі бағалау орынды: 

‖�𝐻𝐻−1𝑄𝑄𝜈𝜈(𝑙𝑙)�
−1
‖ ≤ (1 + 𝜀𝜀)𝐾𝐾 

мұндағы  

𝐻𝐻 =
1
𝑙𝑙
𝑑𝑑𝑖𝑖𝑎𝑎𝑔𝑔 �ℎ𝑚𝑚+1𝐼𝐼, ℎ1𝐼𝐼, . . . ,ℎ1𝐼𝐼⏟𝑙𝑙,ℎ1𝐼𝐼,ℎ2𝐼𝐼, . . . , ℎ2𝐼𝐼⏟𝑙𝑙, . . . ,ℎ𝑚𝑚𝐼𝐼,ℎ𝑚𝑚+1𝐼𝐼, . . . ,ℎ𝑚𝑚+1𝐼𝐼⏟𝑙𝑙�. 

 
Теорема 5. 𝜈𝜈 ∈ 𝑁𝑁 кез келген сандары үшін 𝑙𝑙0 = 𝑙𝑙0(𝜈𝜈) бар болсын сондай, барлық 𝑙𝑙 ≥ 𝑙𝑙0(𝜈𝜈) 
үшін 𝑄𝑄𝜈𝜈(𝑙𝑙) матрицасы кері, және оның кері матрицасы келесі теңсіздікті 
қанағаттандырсын: 

‖�𝐻𝐻−1𝑄𝑄𝜈𝜈�
−1
‖ ≤ 𝛾𝛾, 

мұндағы γ констанстасы l элементінен тұрақсыз. Онда (1)-(3) есебі 𝐾𝐾 = 𝛾𝛾 тұрақтысымен 
бірмәнді шешіледі. 
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 In this paper we will find similar transformation of the Sturm-Liouville operator in a 
Hilbert space.  
Consider the Sturm-Liouville equation on the interval (0,1) 

𝐿𝐿�𝑦𝑦 = −𝑦𝑦" + 𝑞𝑞(𝑥𝑥)𝑦𝑦 = 𝑓𝑓 
where the function 𝑞𝑞(𝑥𝑥) real-valued and from Hilbert space 𝐿𝐿2(0,1). Solution of the 
homogeneous equation is 𝑦𝑦(𝑥𝑥) = 𝐶𝐶1𝑐𝑐(𝑥𝑥) + 𝐶𝐶2𝑠𝑠(𝑥𝑥), where 𝐶𝐶1,𝐶𝐶2 arbitrary constants. The 
fundamental solutions of the homogenous equation are 𝑐𝑐(𝑥𝑥) = 1 + ∫ [𝒦𝒦(𝑥𝑥, 𝑡𝑡)𝑥𝑥

0 + 𝒦𝒦(𝑥𝑥,−𝑡𝑡)]𝑑𝑑𝑡𝑡 
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and 𝑠𝑠(𝑥𝑥) = 𝑥𝑥 + ∫ [𝒦𝒦(𝑥𝑥, 𝑡𝑡) −𝒦𝒦(𝑥𝑥,−𝑡𝑡)]𝑡𝑡𝑑𝑑𝑡𝑡𝑥𝑥
0  , where the function 𝒦𝒦(𝑥𝑥, 𝑡𝑡) is the solution of the 

following Goursat problem 

⎩
⎪
⎨

⎪
⎧
𝒦𝒦𝑥𝑥𝑥𝑥" −𝒦𝒦𝑦𝑦𝑦𝑦" = 𝑞𝑞(𝑡𝑡)𝒦𝒦(𝑥𝑥, 𝑡𝑡)

𝒦𝒦(𝑥𝑥,−𝑥𝑥) = 0

𝒦𝒦(𝑥𝑥, 𝑥𝑥) =
1
2
�𝑞𝑞(𝑡𝑡)𝑑𝑑𝑡𝑡
𝑥𝑥

0

 

 Domain of the maximal and minimal operators are the following Sobolev spaces 

respectively 𝐷𝐷�𝐿𝐿�� = 𝑊𝑊2
2(0,1) and 𝐷𝐷(𝐿𝐿0) = 𝑊𝑊2

2
0

(0,1). As a domain of the fixed operator 𝐿𝐿 we 
choose Dirichlet condition 𝐷𝐷(𝐿𝐿) = {𝑦𝑦 ∈ 𝑊𝑊2

2(0,1):    𝑦𝑦(0) = 𝑦𝑦(1) = 0 }. Operator defined by 
𝑦𝑦 = 𝐿𝐿𝐾𝐾−1𝑓𝑓 = 𝐿𝐿−1𝑓𝑓 + 𝐾𝐾𝑓𝑓 for any bounded operator 𝐾𝐾: 𝐿𝐿2(0,1) → 𝑘𝑘𝑒𝑒𝑟𝑟𝐿𝐿� , is correct restriction of 
the maximal operator. Then correct restriction of the maximal operator 𝐿𝐿𝐾𝐾 acts on the following 
domain 

𝐷𝐷(𝐿𝐿𝐾𝐾) = {𝑦𝑦 ∈ 𝑊𝑊2
2(0,1):  𝑦𝑦(0) = �[−𝑦𝑦"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝑦𝑦(𝑡𝑡)]𝜎𝜎1(𝑡𝑡)𝑑𝑑𝑡𝑡;

1

0

 

       𝑦𝑦(1)  = 𝑐𝑐(1)𝑦𝑦(0) + 𝑠𝑠(1)�[−𝑦𝑦"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝑦𝑦(𝑡𝑡)]𝜎𝜎2(𝑡𝑡)𝑑𝑑𝑡𝑡
1

0

} 

 
For any 𝜎𝜎1(𝑥𝑥),𝜎𝜎2(𝑥𝑥) ∈ 𝐿𝐿2(0,1) we can uniquely define operator K in the following form  
 

𝐾𝐾𝑓𝑓 = 𝑐𝑐(𝑥𝑥)∫ 𝑓𝑓(𝑡𝑡)𝜎𝜎1(𝑡𝑡)𝑑𝑑𝑡𝑡1
0 + 𝑠𝑠(𝑥𝑥)∫ 𝑓𝑓(𝑡𝑡)𝜎𝜎2(𝑡𝑡)𝑑𝑑𝑡𝑡1

0  , ∀𝑓𝑓(𝑥𝑥) ∈ 𝐿𝐿2(0,1) 
Operator 𝐾𝐾𝐿𝐿 bounded if and only if operator 𝐾𝐾 satisfies the condition 𝑅𝑅(𝐾𝐾∗) ⊂ 𝐷𝐷(𝐿𝐿∗). Adjoint 
operator of 𝐾𝐾 is 

𝐾𝐾∗𝑓𝑓 = 𝜎𝜎1(𝑥𝑥)∫ 𝑐𝑐(𝑡𝑡)𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡1
0 + 𝜎𝜎2(𝑥𝑥)∫ 𝑠𝑠(𝑡𝑡)𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡1

0  . 
 If the functions 𝜎𝜎1(𝑥𝑥),𝜎𝜎2(𝑥𝑥) ∈ 𝐷𝐷(𝐿𝐿∗) = 𝐷𝐷(𝐿𝐿) then 𝐾𝐾𝐿𝐿 is bounded and have the following form 

𝐾𝐾𝐿𝐿𝑦𝑦 = 𝑐𝑐(𝑥𝑥)�[−𝑦𝑦"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝑦𝑦(𝑡𝑡)]𝜎𝜎1(𝑡𝑡)𝑑𝑑𝑡𝑡 + 𝑠𝑠(𝑥𝑥)�[−𝑦𝑦"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝑦𝑦(𝑡𝑡)]𝜎𝜎2(𝑡𝑡)𝑑𝑑𝑡𝑡
1

0

1

0

 

Using the fact that 𝜎𝜎1(𝑥𝑥),𝜎𝜎2(𝑥𝑥) ∈ 𝑊𝑊2
2(0,1) and 𝜎𝜎1(0) = 𝜎𝜎1(1) = 𝜎𝜎2(0) = 𝜎𝜎2(1) = 0 , and 

integrating by parts we get 

𝐾𝐾𝐿𝐿𝑦𝑦 = 𝑐𝑐(𝑥𝑥)�𝑦𝑦(𝑡𝑡)[−𝜎𝜎1"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎1(𝑡𝑡)]𝑑𝑑𝑡𝑡
1

0

+ 𝑠𝑠(𝑥𝑥)�𝑦𝑦(𝑡𝑡)[−𝜎𝜎2"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎2(𝑡𝑡)]𝑑𝑑𝑡𝑡
1

0

 

The operator 𝐾𝐾𝐿𝐿𝐾𝐾 is also bounded and we have to find the form of 𝐾𝐾𝐿𝐿𝐾𝐾. 

𝐾𝐾𝐿𝐿𝐾𝐾𝑦𝑦 = 𝑐𝑐(𝑥𝑥)�[−𝑦𝑦"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝑦𝑦(𝑡𝑡)]𝜎𝜎1(𝑡𝑡)𝑑𝑑𝑡𝑡 + 𝑠𝑠(𝑥𝑥)�[−𝑦𝑦"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝑦𝑦(𝑡𝑡)]𝜎𝜎2(𝑡𝑡)𝑑𝑑𝑡𝑡
1

0

1

0
= 𝑐𝑐(𝑥𝑥){−𝑦𝑦′(1)𝜎𝜎1(1) + 𝑦𝑦′(0)𝜎𝜎1(0) + 𝑦𝑦(1)𝜎𝜎1′(1) − 𝑦𝑦(0)𝜎𝜎1′(0)

+ �𝑦𝑦(𝑡𝑡)[−𝜎𝜎1"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎1(𝑡𝑡)]𝑑𝑑𝑡𝑡} + 𝑠𝑠(𝑥𝑥){−𝑦𝑦′(1)𝜎𝜎2(1) + 𝑦𝑦′(0)𝜎𝜎2(0)
1

0

+ 𝑦𝑦(1)𝜎𝜎2′(1) − 𝑦𝑦(0)𝜎𝜎2′(0) + �𝑦𝑦(𝑡𝑡)[−𝜎𝜎2"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎2(𝑡𝑡)]𝑑𝑑𝑡𝑡}
1

0
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𝐾𝐾𝐿𝐿𝐾𝐾𝑦𝑦 = 𝑐𝑐(𝑥𝑥)[𝑦𝑦(1)𝜎𝜎1
′(1) − 𝑦𝑦(0)𝜎𝜎1′(0) + �𝑦𝑦(𝑡𝑡)[−𝜎𝜎1"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎1(𝑡𝑡)]𝑑𝑑𝑡𝑡] +

1

0

 

+𝑠𝑠(𝑥𝑥)[𝑦𝑦(1)𝜎𝜎2′(1) − 𝑦𝑦(0)𝜎𝜎2′(0) + �𝑦𝑦(𝑡𝑡)[−𝜎𝜎2"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎2(𝑡𝑡)]𝑑𝑑𝑡𝑡]
1

0

 

To define operator 𝐾𝐾𝐿𝐿𝐾𝐾 we have to find 𝑦𝑦(0) and 𝑦𝑦(1) on 𝐷𝐷(𝐿𝐿𝐾𝐾) 
 

𝑦𝑦(0) = �[−𝑦𝑦"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝑦𝑦(𝑡𝑡)]𝜎𝜎1(𝑡𝑡)𝑑𝑑𝑡𝑡
1

0

= 

= −𝑦𝑦′(1)𝜎𝜎1(1) + 𝑦𝑦′(0)𝜎𝜎1(0) + 𝑦𝑦(1)𝜎𝜎1′(1) − 𝑦𝑦(0)𝜎𝜎1′(0) + �𝑦𝑦(𝑡𝑡)[−𝜎𝜎1"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎1(𝑡𝑡)]𝑑𝑑𝑡𝑡
1

0

 

and 

𝑦𝑦(1) = 𝑐𝑐(1)𝑦𝑦(0) + 𝑠𝑠(1)�[−𝑦𝑦"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝑦𝑦(𝑡𝑡)]𝜎𝜎2(𝑡𝑡)𝑑𝑑𝑡𝑡 =
1

0

 

= 𝑐𝑐(1)𝑦𝑦(0) + 𝑠𝑠(1)[−𝑦𝑦′(1)𝜎𝜎2(1) + 𝑦𝑦′(0)𝜎𝜎2(0) + 𝑦𝑦(1)𝜎𝜎2′(1) − 𝑦𝑦(0)𝜎𝜎′2(0)

+ �𝑦𝑦(𝑡𝑡)[−𝜎𝜎"2(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎2(𝑡𝑡)]𝑑𝑑𝑡𝑡]
1

0

 

This two equation can be written as linear equation system. 

⎩
⎪
⎨

⎪
⎧ [1 + 𝜎𝜎′1(0)]𝑦𝑦(0) − 𝜎𝜎′1(1)𝑦𝑦(1) = �𝑦𝑦(𝑡𝑡)[−𝜎𝜎1"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎1(𝑡𝑡)]𝑑𝑑𝑡𝑡

1

0

[𝜎𝜎′2(0)𝑠𝑠(1) − 𝑐𝑐(1)]𝑦𝑦(0) + [1 − 𝜎𝜎′2(1)𝑠𝑠(1)]𝑦𝑦(1) = �𝑦𝑦(𝑡𝑡)[−𝜎𝜎"2(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎2(𝑡𝑡)]𝑑𝑑𝑡𝑡]
1

0

 

By solving this linear equation system we get 
 

𝑦𝑦(0) =
1 − 𝑠𝑠(1)𝜎𝜎′2(1)

△
�𝑦𝑦(𝑡𝑡)[−𝜎𝜎1"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎1(𝑡𝑡)]𝑑𝑑𝑡𝑡
1

0

−
𝜎𝜎′1(1)
△

�𝑦𝑦(𝑡𝑡)[−𝜎𝜎"2(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎2(𝑡𝑡)]𝑑𝑑𝑡𝑡]
1

0

 

𝑦𝑦(1) =
𝑐𝑐(1) − 𝑠𝑠(1)𝜎𝜎′2(0)

△
�𝑦𝑦(𝑡𝑡)[−𝜎𝜎1"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎1(𝑡𝑡)]𝑑𝑑𝑡𝑡
1

0

+
1 + 𝜎𝜎′1(0)

△
�𝑦𝑦(𝑡𝑡)[−𝜎𝜎"2(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎2(𝑡𝑡)]𝑑𝑑𝑡𝑡]
1

0

 

where △= 1 + 𝜎𝜎′1(1)𝑐𝑐(1) − 𝜎𝜎′2(1)𝑠𝑠(1) + 𝜎𝜎′1(0) − 𝜎𝜎′1(1)𝜎𝜎′2(0)𝑠𝑠(1) − 𝜎𝜎′1(0)𝜎𝜎′2(1)𝑠𝑠(1). 

By concluding all above calculations we find exact form of bounded operator 𝐾𝐾𝐿𝐿𝐾𝐾. 
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𝐾𝐾𝐿𝐿𝐾𝐾𝑦𝑦 = 𝑐𝑐(𝑥𝑥) �
2𝜎𝜎′1(1)𝑐𝑐(1) − 2𝜎𝜎′1(1)𝜎𝜎′2(0)𝑠𝑠(1) + 1 − 𝜎𝜎′2(1)𝑠𝑠(1)

△
�𝑦𝑦(𝑡𝑡)[−𝜎𝜎1"(𝑡𝑡)
1

0

+ 𝑞𝑞(𝑡𝑡)𝜎𝜎1(𝑡𝑡)]𝑑𝑑𝑡𝑡 +
𝜎𝜎′1(1) + 2𝜎𝜎′1(0)𝜎𝜎′1(1)

△
�𝑦𝑦(𝑡𝑡)[−𝜎𝜎"2(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎2(𝑡𝑡)]𝑑𝑑𝑡𝑡
1

0

�

+ 𝑠𝑠(𝑥𝑥) �
𝜎𝜎′2(1)𝑐𝑐(1) − 𝜎𝜎′2(0)

△
�𝑦𝑦(𝑡𝑡)[−𝜎𝜎1"(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎1(𝑡𝑡)]𝑑𝑑𝑡𝑡
1

0

+
2𝜎𝜎′1(0)𝜎𝜎′2(1) − 𝜎𝜎′2(1) +△

△
�𝑦𝑦(𝑡𝑡)[−𝜎𝜎"2(𝑡𝑡) + 𝑞𝑞(𝑡𝑡)𝜎𝜎2(𝑡𝑡)]𝑑𝑑𝑡𝑡
1

0

� 

 
In the work(1), it was proven that if operator 𝐿𝐿𝐾𝐾 densely defined on the Hilbert space and 
𝑅𝑅(𝐾𝐾∗) ⊂ 𝐷𝐷(𝐿𝐿∗) ∩ 𝐷𝐷(𝐿𝐿𝐾𝐾∗ ) then operator 𝐾𝐾𝐿𝐿𝐾𝐾 bounded on Hilbert space and correct operator 𝐴𝐴𝐾𝐾 is 
similar to operator 𝐿𝐿𝐾𝐾 on 𝐷𝐷(𝐴𝐴𝐾𝐾) = 𝐷𝐷(𝐿𝐿),  where 𝐴𝐴𝐾𝐾 = 𝐿𝐿 − 𝐾𝐾𝐿𝐿𝐾𝐾𝐿𝐿 . 
Then the operator 𝐴𝐴𝐾𝐾 has the form 

𝐴𝐴𝐾𝐾𝑦𝑦 = −𝑦𝑦"(𝑥𝑥) + 𝑞𝑞(𝑥𝑥)𝑦𝑦(𝑥𝑥)

− 𝑐𝑐(𝑥𝑥) �
2𝜎𝜎′1(1)𝑐𝑐(1) − 2𝜎𝜎′1(1)𝜎𝜎′2(0)𝑠𝑠(1) + 1 − 𝜎𝜎′2(1)𝑠𝑠(1)

△
�𝐿𝐿𝑦𝑦(𝑡𝑡)𝐿𝐿𝜎𝜎1(𝑡𝑡)𝑑𝑑𝑡𝑡
1

0

+
𝜎𝜎′1(1) + 2𝜎𝜎′1(0)𝜎𝜎′1(1)

△
�𝐿𝐿𝑦𝑦(𝑡𝑡)𝐿𝐿𝜎𝜎2(𝑡𝑡)𝑑𝑑𝑡𝑡
1

0

�

+ 𝑠𝑠(𝑥𝑥) �
𝜎𝜎′2(1)𝑐𝑐(1) − 𝜎𝜎′2(0)

△
�𝐿𝐿𝑦𝑦(𝑡𝑡)𝐿𝐿𝜎𝜎1(𝑡𝑡)𝑑𝑑𝑡𝑡
1

0

+
2𝜎𝜎′1(0)𝜎𝜎′2(1) − 𝜎𝜎′2(1) +△

△
�𝐿𝐿𝑦𝑦(𝑡𝑡)𝐿𝐿𝜎𝜎2(𝑡𝑡)𝑑𝑑𝑡𝑡
1

0

� 
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