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a b s t r a c t

We investigate the cosmological applications of fluids having an
equation of state which is the analog to the one related to the
isotropic deformation of crystalline solids, that is containing log-
arithmic terms of the energy density, allowing additionally for a
bulk viscosity. We consider two classes of scenarios and we show
that they are both capable of triggering the transition from decel-
eration to acceleration at late times. Furthermore, we confront the
scenarios with data from Supernovae type Ia (SN Ia) and Hubble
function observations, showing that the agreement is excellent.
Moreover, we perform a dynamical system analysis and we show
that there exist asymptotic accelerating attractors, arisen from the
logarithmic terms aswell as from the viscosity, which inmost cases
correspond to a phantom late-time evolution. Finally, for some
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parameter regions we obtain a nearly de Sitter late-time attractor,
which is a significant capability of the scenario since the dark
energy, althoughdynamical, stabilizes at the cosmological constant
value.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

One of the main aims of modern cosmology is to explain the current accelerated expansion of the
Universe [1,2]. According to cosmological observations at present, approximately 70% of the energy
density of the Universe is attributed to a component dubbed dark energy [3,4]. The remaining 26%
is attributed to cold dark matter (CDM) and only 4% corresponds to ordinary baryonic matter. Dark
matter is necessary in order to provide an explanation to the peculiar velocities in galaxies as well
as to the cluster collisions. Although dark matter may be some sort of non-interacting particle [5],
nowadays there exist various alternative proposals mimicking it [6–8].

In ΛCDM paradigm dark matter is modeled as a pressureless fluid, while dark energy is assumed
to not interact with ordinary matter and it can be interpreted as the vacuum energy, namely a simple
cosmological constant. On the other hand, in general dark energy models the accelerating expansion
can be described in terms of an exotic perfect fluidwith negative pressure, which satisfies a barotropic
equation of state [9–11]. Hence, many studies in the literature use perfect fluids to describe various
evolutionary aspects of the Universe [12–29], while the most general models of dark fluids can be
incorporated using an inhomogeneous equation of state [30–32]. Finally, an alternative description of
the dark energy sector can arise effectively through gravitational modifications [33–40].

As it is known, the standard cold dark matter scenario provides very efficient results at large
(cosmological) scales, but itmight be problematic at galactic scales. These problemsmay be connected
to the assumption that dark matter is pressureless. Nevertheless, the description of the late-time
Universe at small scales can be achieved through the framework of the logarithmic-corrected equation
of state for the matter sector, within the Debye approximation [41,42]. In this formulation the fluid
pressure is modeled by an empirical formula for the pressure of the deformed crystalline solids under
the isotropic stress [43]. In order for the Universe to change under the action of cosmic expansion, it is
necessary that the fluid pressure, described in termsof an equation of state, to benegative [33–35]. The
negative pressure in the logarithmic-corrected equation of state scenarios becomes dominant when
the volume of the Universe exceeds a certain value. This scenario corresponds to the approaches of
logotropic dark energy model (LDE) [44,45].

In the present work we are interested in studying the dynamical evolution of a late-time Universe
by assuming a modified log-corrected power-law equation of state (EoS) for the dark energy fluid,
allowing additionally the fluid to be viscous. In particular, we examine in detail various forms of the
dark energy EoS and we investigate how the Universe evolution is affected by the corresponding
EoS. Moreover, we shall assume that a non-trivial interaction between the dark energy and dark
matter fluids may exist, and by conveniently choosing the EoS we shall investigate the dynamical
behavior of the cosmological system in terms of an autonomous dynamical system. The motivation
for using non-trivial interaction between the dark sectors arisesmainly from the fact that dark energy
dominates over dark matter at late times, and thus it is possible that the dark matter sector loses
its energy feeding the dark energy sector and providing an alleviation to the coincidence problem
[46–63]. The resulting picture of the coupled dark energy–dark matter system is quite interesting as
we demonstrate, since for a class of parameter values the dynamical system has a stable asymptotic
attractor, which corresponds to an accelerating phantom fixed point. Notably, this phantom attractor
can become a nearly de Sitter attractor if the model parameters are chosen appropriately.

This paper is organized as follows: In Section 2we present in brief themotivation and the structure
of the proposed EoS. In Section 3 we discuss the cosmological applications of two scenarios, with
emphasis given in the late-time era. In Section 4 we briefly discuss the observational constraints and
implications of the logarithmic corrected EoS dark energy fluid. In Section 5 we apply the dynamical
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system method in order to investigate the coupled dark energy–dark matter system, with the dark
energy sector being described by a viscous logarithmic EoS of a specific form. Finally, the conclusions
follow at the end of the paper.

2. Viscous logarithmic-corrected power-law fluid

Our purpose is to study dark energy in terms of a logarithmic-corrected power-law fluid. The EoS
of such a fluid has the form [64]

p = A
(

ρ

ρ∗

)−l

ln
(

ρ

ρ∗

)
, (1)

where ρ∗ is a reference density, which is identified with the Planck density in [44], namely ρPl =

c5/(h̄G) ≈ 5.16×1099gr/m3. In the new notation A > 0 represents the logotropic temperature, while
l = −

1
6 − γG, with γG the dimensional Gruneisen parameter. For l = 0 we obtain the equation of

state for the logotropic cosmological model [44]. It is interesting that the EoS of Eq. (1) may have deep
relation with equations of state found in condensed matter fluids, introduced in Refs. [41,42].

Let us rewrite (1) in the notation of a logotropic dark energy model LDE model. For this purpose
we express the volume in terms of mass density, using the relation [44,45]

p(V ) = −β

(
V
V0

)−
1
6 −γG

ln
(

V
V0

)
, (2)

where V0 is a volume, which presents a barrier among the different signs of the pressure p, and β is
a bulk modulus at V0. The bulk modulus shows how much the volume changes under the action of
external forces. The parameter γG in the homogeneous and isotropic Universe is a free parameter of
the theory. When V < V0 the pressure is positive for the positive bulk modulus, and it is negative
in the case of an inequality of the opposite sign. If the pressure of the dark fluid satisfies relation (2),
then in order to ensure the cosmic acceleration the volume must overcome the barrier V ≈ V0. There
are three different regimes of the behavior of the pressure (2) [64]:

1. The era before passing the V0 barrier, when V < V0. Then the pressure is positive and the
Universe is decelerating. This case corresponds to the case of the pressureless matter in the
ΛCDMmodel.

2. The era of equivalence between volumes, when V = V0. That is the transition time from the
deceleration to the acceleration era.

3. The era after passing the V0 barrier, when V > V0. Then the pressure is negative and the fluid
starts to trigger theUniverse acceleration. Thus, in the logarithmic-corrected power-lawmodel,
the dynamical evolution of the Universe is described by a single fluid, which accelerates the
Universe, when its volume passes the barrier V = V0. This allows us to apply this model to the
description of the late Universe.

We consider a homogeneous and isotropic on large scales flat geometry, andwe desire to study the
dynamical evolution of the Universe using a fluid described by the logarithmic EoS (1). For generality,
we additionally allow for viscosity of the fluid. In order to achieve this wemodify equation (1) adding
the term which describes viscosity, namely

ζ (H, t) = ξ1(t)(3H)n, (3)

where ζ (H, t) is the bulk viscosity which depends on the Hubble parameterH and on the time t . From
thermodynamic considerations it follows that ζ (H, t) > 0.

In summary, in view of the above considerations, the EoS for the logarithmic-corrected power-law
fluid has the form

p = A
(

ρ

ρ∗

)−l

ln
(

ρ

ρ∗

)
− 3Hζ (H, t). (4)

In the next section we shall investigate the evolution of the Universe for various forms of the dark
energy EoS.
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3. Cosmology with viscous logarithmic-corrected power-law fluid

In this section we will study the late-time behavior of the Universe by using an inhomogeneous
viscous fluid description of dark energy. We consider a spatially flat Friedmann–Robertson–Walker
(FRW) space–time with line element

ds2 = −dt2 + a(t)2δijdxidxj , (5)

where a(t) is the scale factor.
The logarithmic-corrected power-law fluid model cannot describe the early Universe, because

the temperature during this era is much greater than the Debye temperature of solids. The fluid in
the inflationary epoch becomes pressureless as in the case of LDE model [65], while at late times
the pressure tends to a constant negative value and thus it provides the necessary requirement
for triggering the acceleration. Additionally, the incorporation of viscosity improves the singularity
structure of the cosmological system at hand, and the behavior of the Universe in the vicinity of a Big
Rip [66–69] or of types II, III and IV singularities [70,71], the classification of which was first given
in [72].

Let us first consider the non-interacting scenario, in which case ρ fulfills the standard conservation
equation

ρ̇ + 3H(ρ + p) = 0 , (6)

where H = ȧ/a is the Hubble function, and p is given by (4). In the following two subsections we
study two scenarios with different fluid viscosity form.

3.1. Viscosity with constant function ξ1(t)

We start by considering the bulk viscosity in the expression (3) to have the following simple form:

ζ (H, t) = 3αH , (7)

where α is a positive constant, since such a linear-in-H form is widely used in viscous cosmology [24].
Hence, inserting (4) and (7) into (6), and using the Friedmann equation we obtain

ρ̇ + 3H
[
A
(

ρ

ρ∗

)−l

ln
ρ

ρ∗

+ θρ

]
= 0 , (8)

where θ = 1 + 3ακ2, with κ2
= 8πG and G denoting the Newton’s gravitational constant.

In the low-energy regime (ρ ≪ ρ∗), and for l = −1, Eq. (8) simplifies as

ρ̇ +
3H
ρ∗

[
A(ρ − ρ∗) + θρρ∗

]
= 0 , (9)

which using the second Friedmann equation becomes

Ḣ + dH2
− b = 0 , (10)

where d =
3
2 (A+ θρ∗) and b =

1
2Aκ2ρ∗ (note that b > 0 since A > 0). The solution of Eq. (10) is found

to be

H(t) =

√
b
d
e
√
bdt

+ C1e
√
bdt

e
√
bdt − C1e

√
bdt

, (11)

where C1 is an arbitrary constant. As we observe, the Hubble function H(t) diverges for t → 0 and a
Big Bang type singularity occurs. Additionally, taking C1 = 1 for simplicity, the scale factor is given by
the expression

a(t) = a0 sinh(
√
bdt)1/d , (12)
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with a0 an integration constant, while its second derivative reads as

ä =
b
d

⎡⎣ cosh2
(√

bdt
)

− d

sinh2
(√

bdt
)

⎤⎦ a(t) . (13)

Hence, we obtain ä = 0 at t0 =
1

√
bd

ln
(√

d +
√
d − 1

)
. If d < 1, or equivalently if A < 2

3 − θρ∗,
then the second derivative of the scale factor is positive and the Universe transits to an accelerated
expansion. On the other hand, in the case d > 1, then for 0 < t < t0 the second derivative is
negative, i.e. the expansion is decelerating, while for t > t0 the Universes enters in an accelerating era.
Therefore, we are able to obtain the transition from a decelerating to an accelerating epoch. Finally,
note that from (12) we find that

Ḣ(t) = −
b

sinh2
(√

bdt
) , (14)

and thus we deduce that since Ḣ(t) < 0 we obtain a Universe that does not super-accelerate. Lastly,
we mention here that in the case of zero viscosity (i.e. for α = 0) we obtain θ = 1 and thus the above
analysis is significantly simplified.

In summary, themodel at hand can describe the Universe evolution, with transition fromdecelera-
tion to acceleration epoch.Wemention thatwehave not considered an explicit cosmological constant,
and thus the above behavior arises only due to the model dynamics.

3.2. Viscosity with a linear time-dependent function ξ1(t)

Let us now assume that the function ξ1(t) in (3) has the form

ξ1(t) = d1t + b1, (15)

with d1 and b1 being arbitrary parameters, that is we consider the bulk viscosity to have the following
simple form:

ζ (H, t) = 3H(d1t + b1) . (16)

Thus, inserting (4) and (16) into (6), and using the Friedmann equation we acquire

ρ̇ + 3H
[
A
(

ρ

ρ∗

)−l

− A
(

ρ

ρ∗

)−l−1

+ (c̃t + b̃)ρ
]

= 0 , (17)

where c̃ = 3d1κ2 and b̃ = 1 − 3b1κ2. In the case l = −1 , using the second Friedmann equation we
can rewrite (17) as

2Ḣ + 3
(
c̃t + b̃ +

A
ρ∗

)
H2

= 0 , (18)

which has the solution

H(t) =
4

3
(
c̃t + b̃ +

A
ρ∗

)2
+ C2

, (19)

with C2 an integration constant. Without loss of generality we focus on the case C2 = 0. Firstly, we
can see that the Hubble rateH(t) diverges at the finite time t0 = −

1
c̃

(
b̃ +

A
ρ∗

)
, and thus a Big Rip type

singularity occurs. Concerning the scale factor, solution (19) leads to

a(t) = a0 exp
[
−

4
3c̃

(
c̃t + b̃ +

A
ρ∗

)−1]
, (20)
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with a0 an integration constant, while its second derivative is

ä(t) =

[
1 −

3
2
c̃
(
c̃t + b̃ +

A
ρ∗

)]
H2(t)a(t) . (21)

As we observe, ä = 0 at t1 =
1
c̃

[
2
3c̃ − b̃ −

A
ρ∗

]
. Thus, in the case c̃ > 0, for values t < t1, it turns out

that ä < 0, and therefore the Universe experiences a decelerated expansion, while for t > t1 we have
ä > 0 and the Universe transits to a late-time accelerated era.

In summary, the model at hand can describe the Universe’s evolution, with the transition from
decelerating to accelerating epoch. We mention that this behavior is obtained although we have not
considered an explicit cosmological constant.

4. Observational constraints

As we saw, the scenario at hand can give rise to a Universe that experiences the transition from a
decelerating era to an accelerating epoch. In order to perform a confrontation with observations we
will use the Supernovae type Ia (SN Ia) data, as well as direct measurements of the Hubble parameter
with the corresponding covariance matrix.

4.1. Supernovae type Ia

In these observational data sets, the apparent luminosity l(z) (or equivalently the apparent
magnitude m(z)), is measured as a function of the redshift, and is related to the luminosity distance
as

2.5 log
[

L
l(z)

]
= µ ≡ m(z) − M = 5 log

[
dL(z)obs
Mpc

]
+ 25, (22)

where M is the absolute magnitude and L is the luminosity. Moreover, for any model under consid-
eration one can calculate the theoretically predicted dimensionless luminosity distance dL(z)th using
the theoretically predicted evolution of the Hubble function through

dL(z)th ≡ (1 + z)
∫ z

0

dz ′

H (z ′)
. (23)

In the scenarios of the logarithmic-corrected fluid (4) of the present work, the functions H(t) and
a(t) are known, namely relations (11), (12) for the case of viscosity (7) (i.e. constant function ξ1(t)),
and relations (19), (20) for the case of viscosity (16) (i.e. linear time-dependent function ξ1(t)). Thus,
H(z) can be easily calculated since the redshift is defined as 1+ z = 1/a in the case where we set the
present value of the scale factor to 1. Hence, for the case of the model with viscosity (7) we can find
that

H(z) =

√
b
d

√
1 + [a0(1 + z)]2d, (24)

where according to the definitions below (10) the corresponding fluid parameters are

A =
2b

κ2ρ∗

α =
1

3κ2

(
2d
3ρ∗

−
2b

κ2ρ2
∗

− 1
)

. (25)

Similarly, for the case of the model with viscosity (16) we can find that

H(z) =
3
4
c̃2ln2

[a0(1 + z)], (26)

where as we mentioned d1 = c̃/(3κ2).
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Fig. 1. The theoretically predicted apparent minus absolute magnitude as a function of the redshift, for the logarithmic-
corrected fluid (4) with viscosity (7) (i.e. constant function ξ1(t)), for a0 = 1 and b = 0.25 × 10−120 , in units where
κ2

= c = h̄ = 1 (i.e where H(z = 0) ≡ H0 ≈ 6 × 10−61). The red-dashed curve is for d = 1, while the blue-dotted
curve is for d = 2. The observational points correspond to the 580 SN Ia data points from [73], and for completeness and
comparison we depict the prediction of ΛCDM cosmology with the black-solid curve.

Fig. 2. The theoretically predicted apparent minus absolute magnitude as a function of the redshift, for the logarithmic-
corrected fluid (4) with the viscosity (16) (i.e. linear time-dependent function ξ1(t)), for a0 = 5 in units where κ2

= c = h̄ = 1
(i.e where H(z = 0) ≡ H0 ≈ 6 × 10−61). The red-dashed curve is for c̃ = 0.51 × 10−30 , while the blue-dotted curve is
for c̃ = 0.55 × 10−30 . The observational points correspond to the 580 SN Ia data points from [73], and for completeness and
comparison we depict the prediction of ΛCDM cosmology with the black-solid curve.

In Fig. 1 we depict the theoretically predicted apparent minus absolute magnitude as a function of
z, for the scenario of the logarithmic-corrected fluid (4) with the viscosity (7), as well as the prediction
of ΛCDM cosmology, on top of the 580 SN Ia observational data points from [73]. Similarly, in Fig. 2
we depict the same graphs, but for the case of the viscosity (16). As we can see, for both models
the agreement with the SN Ia data is excellent. We mention that this behavior arises from both the
logarithmic correction as well as from the viscosity terms. Interestingly enough, the scenario at hand
is practically indistinguishable from ΛCDM cosmology, although we have not considered an explicit
cosmological constant. This feature reveals the capabilities of the scenario.

4.2. H(z) probes

In this subsectionwewill use theH(z) Hubble function observations in order to impose constraints
on the free model parameters [74–77]. In particular, we will use the set given in [74], which contains
N = 38 entries in the redshift interval 0.07 ≤ z ≤ 2.36. As it known, the nominal chi-square function
reads as [77]

χ2
H (φ

µ) = VC−1
covV

T , (27)
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Fig. 3. Contour plots for the free parameters b and d, for a0 = 1, for the model of the logarithmic-corrected fluid (4) with
viscosity (7). The gray and black regions correspond respectively to 1σ and 2σ confidence level in the case of H(z) data sets
of [74], while the light blue dot marks the best-fit values.

with φµ the statistical vector that contains the free parameters, C−1
cov the inverse of the covariance

matrix and V = {HD(z1) − HM (z1, φµ), . . . ,HD(zN ) − HM (zN , φµ)}. Moreover, zi are the observed
redshifts, while the letters M and D denote the data and models respectively. Hence, the theoretical
Hubble parameter is parametrized as

HM (z, φµ) = H0E(z, φµ+1), (28)

and therefore

V = {HD(z1) − H0E(z1, φµ+1), . . . ,HD(zN ) − H0E(zN , φµ+1)}, (29)

with H0 the Hubble constant at present, E(z)2 = H(z)2/H2
0 the dimensionless Hubble function, and

where the vector φµ+1 contains the model free parameters.
The usual way to proceed is to introduce the standard χ2 estimator and impose the exact value of

H0 (H0 = 73.24 ± 1.74 km/s/Mpc) found by the SNIa team (Riess et al. [78]). However, and in order
to bypass the ∼ 3−3.5 σ tension with the Planck Probe (H0 = 67.8 ± 0.9 km/s/Mpc [79]), we follow
[77] and we treat H0 as a free parameter.

In Fig. 3 we depict the 1σ and 2σ likelihood contours for the free parameters b and d, as well as
the corresponding best-fit values, for the model of the logarithmic-corrected fluid (4) with viscosity
(7). Similarly, in Fig. 4 we present the same graphs for the case of the viscosity (16). As we observe,
bothmodels can be in agreement with observations, which is an advantage of the scenario. Moreover,
while in the first model the free parameters are significantly constrained, in the second model the
agreement with the data can be obtained for a wide parameter range.

5. Dynamical system analysis

In this section we apply the powerful method of dynamical system analysis in order to investigate
the full system of cosmological equations. This method allows to extract information about the global
behavior of a cosmological scenario, bypassing the complexity of the involved equations [80–88]. In
order to be fully general, in the following wewill assume an integration between the dark energy and
the matter fluids, which is widely used since it can provide an alleviation to the coincidence problem
while it cannot be theoretically excluded [46–63].
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Fig. 4. Contour plots for the free parameters b1 and d1 , for free a0 , for the model of the logarithmic-corrected fluid (4) with
viscosity (16). The gray and black regions correspond respectively to 1σ and 2σ confidence level in the case of H(z) data sets
of [74], while the light blue dot marks the best-fit values.

Our aim is to investigate the phase structure of a coupled dark energy system,with the dark energy
sector having an EoS which has a logarithmic dependence and bulk viscosity. In this case the two
Friedmann equations write as

H2
=

κ2

3
ρtot , (30)

Ḣ = −
κ2

3
(ρtot + ptot) , (31)

where ρtot = ρd + ρm and ptot = pd + pm, with ρd and ρm the energy densities and pd and pm the
pressures of the two fluids. Concerning the matter fluid we assume it to be pressureless, namely
pm = 0, while for the dark energy fluid we consider the logarithmic EoS with bulk viscosity

pd = Aκ2ρd ln(κ2ρd) − Aκ2ρd ln(3H2) , (32)

where A is the model parameter. In the interacting scenario at hand the conservation equations for
the two fluids are written as

ρ̇m + 3Hρm = −Q (33)
ρ̇d + 3H(ρd + pd) = Q ,

with Q being the interaction between the dark fluids. The algebraic sign of the interaction term Q
determines which fluid loses energy, thus if Q > 0 it implies that dark matter sector loses energy
towards the dark energy one. We shall use a phenomenologically motivated interaction term of the
form [89–93],

Q = 3H(c1ρm + c2ρd) , (34)

with c1, c2 real constants.
Having Eqs. (30), (31) and (33) at handwe construct an autonomous dynamical systemby choosing

the dimensionless variables

x1 =
κ2ρd

3H2 , x2 =
κ2ρm

3H2 , z = κ2H2 . (35)
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The variables of the dynamical system x1 and x2 satisfy the Friedmann constraint,

x1 + x2 = 1 , (36)

which is essentially the Friedmann equation (30). Additionally, the total equation of state parameter
weff , defined as

weff =
pd
ρtot

, (37)

can easily be expressed in terms of the dynamical system parameters x1, x2 and z(35) in the following
way:

weff = Ãx1 ln x1 , (38)

with

Ã = Aκ2 . (39)

Moreover, the interaction term Q appearing in (34), expressed in terms of the variables x1, x2 and z
(35) is written as

κ2Q
3H3 = 3c1x2 + 3c2x1 . (40)

By combining Eqs. (30), (31), (33), (40) and (35), and also by using the e-foldings number N as a
dynamical variable instead of the cosmic time t , we obtain the following dynamical system:

dx1
dN

= 3Ã(x1 − 1)x1 ln(x1) − (c1x2 + c2x1) + 3x21 + 3x1(x2 − 1) ,

dx2
dN

= 3Ãx1x2 log(x1) + c1x2 + c2x1 + 3(x1 − 1)x2 + 3x22 ,

dz
dN

= −3Ãx1z log(x1) − 3x1z − 3x2z . (41)

The fixed points φ1
∗

= (x1, x2, z) of the above dynamical system, which are obtained by setting
the left-hand-sides of the equations to zero, cannot easily be found analytically, and therefore we
will investigate the phase space behavior by solving numerically the dynamical system and by
using various initial conditions. Additionally, the stability of the fixed points can be investigated by
calculating explicitly the Jacobian of the dynamical system at the fixed point φ1

∗
. The Jacobian matrix,

which we denote as J , corresponds to the linearized dynamical system near the resulting fixed point,
namely

J =

∑
i

∑
j

[ ∂fi
∂xj

]
. (42)

The Jacobian matrix J must be evaluated exactly at the fixed points, and the corresponding eigenval-
ues indicate whether the particular fixed point is stable or not, whenever the fixed point is hyperbolic
(the eigenvalues of the Jacobian at the fixed point have real parts which are non-zero). In the case at
hand, the Jacobian matrix of the dynamical system (41) is

J =

⎛⎝−24x1 + 3x2 + (30 − 60x1) log(x1) + 26 3x1 − 1 0
−30 log(x1)x2 − 27x2 + 1 −30 log(x1)x1 + 3x1 + 6x2 − 2 0

3z(10 log(x1) + 9) −3z 30x1 log(x1) − 3(x1 + x2)

⎞⎠ . (43)

A thorough investigation of the parameter space reveals that the sign of the parameter Ã, and also
the sign of the parameters c1 and c2, crucially affect the behavior of the dynamical system. Actually, for
a wide range of values, the dynamical system is strongly unstable, however there are some regions of
the parameter space for which stability occurs. These stability regions are the most interesting ones,
from the physical point of view.
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Table 1
Stability regions of the phase space of the dynamical system corresponding
to the two-fluids Universe (41).

Case I: c1 > 0, c2 > 0, and Ã > 0: Strong Instability of Phase Space,
Variables Blow-up.
Case II: c1 < 0, c2 < 0, and Ã > 0: Strong Instability of Phase Space,
Variables Blow-up.
Case III: c1 > 0, c2 = 0, and Ã > 0: Strong Instability of Phase Space,
Variables Blow-up.
Case IV: c1 = 0, c2 > 0, and Ã > 0: Strong Instability of Phase Space,
Variables Blow-up.
Case V: c1 = 0, c2 < 0, and Ã > 0: Strong Instability of Phase Space,
Variables Blow-up.
Case VI: c1 < 0, c2 = 0, and Ã > 0: Strong Instability of Phase Space,
Variables Blow-up.
Case VII: c1 > 0, c2 = 0, and Ã > 0: Strong Instability of Phase Space,
Variables Blow-up.
Case VIII: c1 < 0, c2 < 0, and Ã < 0: Strong Instability of Phase Space,
Variables Blow-up.
Case IX: c1 > 0, c2 > 0, and Ã < 0: Stable Fixed Point.
Case X: c1 > 0, c2 = 0, and Ã < 0: Stable Fixed Point.
Case XI: c1 = 0, c2 > 0, and Ã < 0: Stable Fixed Point.

Fig. 5. The evolution of the variables x1(N) (left), x2(N) (right) and z(N) (bottom) as functions of the e-foldings number N , for
c1 = c2 = 1 and Ã = 10.

In Table 1 we display the results of our numerical analysis with regard to the stability regions.
From the phenomenological point of view, a stable fixed point is physically important since it can
attract the Universe at late times. Hence, as we observe from Table 1, the most important are the
cases IX, X and XI. Before analyzing them in details, let us first have a clear picture of the instability of
the phase space for the rest of the cases. In Fig. 5 we plot the functional dependence of the variables
x1(N) (left), x2(N) (right) and z(N) (bottom) in terms of the e-foldings number N , for c1 = c2 = 1
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Fig. 6. The evolution of the variables x1(N) (left), x2(N) (right) and z(N) (bottom) as functions of the e-foldings number N , for
c1 = c2 = 1 and Ã = −10.

and Ã = 10. The late-time behavior is achieved for large values of the e-foldings number N . As it can
be seen, even from the first e-foldings no equilibrium (fixed point) is reached, and all the variables
blow-up at finite-time. This behavior occurs always for all positive Ã values, regardless of the values
of the parameters ci, i = 1,2.

Having discussed the instability regions, let us now proceed to the stable regimes, focusing on the
IX case in Table 1, in which c1 > 0, c2 > 0, and Ã < 0. In Fig. 6 we plot the functional dependence
of the variables x1(N) (left), x2(N) (right) and z(N) (bottom) in terms of the e-foldings number N , for
c1 = c2 = 1 and A = −10. As it can be seen, for large values of N a stable fixed point is reached (its
behavior does not change with N), regardless the initial conditions used for the variables x1(N), x2(N)
and z(N). As can be verified numerically, the stable fixed point of this specific example is

φ1
∗

= (x1, x2, z) = (1.16183, 0.580917, 13.794) , (44)

and thus the eigenvalues of the Jacobian matrix J of (43) at this fixed point are

(−3.17751 + 5.87099i, −3.17751 − 5.87099i, −1.77636 × 10−15) . (45)

Hence, due to the fact that the eigenvalues (45) have negative real parts, the fixed point (44) is a
stable hyperbolic fixed point. It is necessary to examine the stability of the fixed point for various
initial conditions, and thus in Fig. 7 we present the projected phase-space plots for various initial
conditions, in the case where c1 = c2 = 1 and A = −10. As it can be seen, all the trajectories in the
phase space x1 − x2 tend asymptotically to the fixed point. Actually, the fixed point is reached quite
fast, as it can be easily checked.

In order to present the physical behavior of the above solution in a more transparent way, in Fig. 8
we depict the evolution of the total equation-of-state parameter weff given in (38), corresponding to
the above numerical example. As it can be seen, the resulting EoS indicates an accelerating Universe at
late times. A noticeable behavior occurs for large negative values of Ã, and for small and positive values



250 S.D. Odintsov et al. / Annals of Physics 398 (2018) 238–253

Fig. 7. The trajectories in the projected phase space x1 − x2 for various initial conditions, and for c1 = c2 = 1 and A = −10.
The resulting stable fixed point corresponds to case IX of Table 1.

Fig. 8. The evolution of the total equation of state parameter weff of (38), as a function of N , for c1 = c2 = 1 and Ã = −10.

of the parameters c1 and c2, in which case the EoS parameter tends asymptotically to a de Sitter value
weff ∼ −1, and thus the dynamical dark energy experiences a stabilization towards the cosmological
constant value due to the logarithmic correction and interaction term.

In summary, the addition of the logarithmic corrections in the dark energy equation of state, leads
either to instabilities in the phase space, or to a stable phantom fixed point at late times, and therefore
to late-time acceleration. The behavior of the dynamical system for the cases X and XI is similar to
the case IX, and thus we omit it for brevity. It is important to note that this model is just a simple
model containing a logarithmic dependence, and in principle a more viable model can be achieved by
appropriately modifying the EoS. In particular, more realistic equations of state for the dark energy
fluid can be chosen, for example including polynomial terms along with the logarithmic correction.

6. Conclusions

In this work we have studied dark energy scenarios which involve equation of states with
logarithmic terms of the energy density, allowing additionally for a bulk viscosity. The logarithmic-
corrected power-law fluid possesses properties analogous to properties of isotropic deformation of
crystalline solids, in which the pressure can be negative. Without loss of generality, we considered
two classes of the model, arisen from two different viscosity considerations. In both scenarios we
were able to obtain the accelerating expansion of the late Universe, since we acquired the transition
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from a decelerating phase to an accelerating one, without the explicit consideration of a cosmological
constant.

In order to obtain a better picture of the phenomenology of the construction, we performed a
confrontationwith observations, and in particularwith the Supernovae type Ia (SN Ia) andH(z) Hubble
function data, constructing the model parameter contour plots. As we showed, for both models the
agreementwith the is excellent, as a result of both the logarithmic correction aswell as of the viscosity
terms.

Additionally, we applied the powerful method of dynamical system analysis in order to extract
information about the global behavior of the cosmological scenario at hand, bypassing the complexity
of the involved equations, where for generality we also considered an interaction between the dark
energy and matter fluids. By appropriately choosing the dimensionless variables we constructed an
autonomous dynamical system, and we investigated its dynamical evolution for various parameter
values and for several initial conditions. As we showed, there exist asymptotic accelerating attractors,
which in most cases correspond to a phantom late-time evolution. However, in some cases it
is possible to obtain a nearly de Sitter late-time evolution by appropriately choosing the model
parameters,which is a significant capability of the scenario since the dark energy, although dynamical,
stabilizes at the cosmological constant value.

In summary, fluids with logarithmic equation of state may lead to interesting cosmological behav-
ior, and thus they can be a good candidate for the description of the dark energy sector. Definitely,
an important and necessary investigation is to analyze in detail the cosmological perturbations, and
confront them with the observed large scale structure behavior. However, this study lies outside the
scope of the present work, and it is left for a future project.
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